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Velocity dispersion I
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Velocity dispersion I
Cluster massM is not an observable quantity...
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Velocity dispersion I
Cluster massM is not an observable quantity...
The self-similar hypothesis comes in (Kaiser, 1986).
The mass is :
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Ωmρc(1 + z)3(1 + ∆)R3

∆
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Velocity dispersion I
Cluster massM is not an observable quantity...
The self-similar hypothesis comes in (Kaiser, 1986).
The mass is :

M∆ =
4π

3
ρ∆R

3 =
4π

3
Ωmρc(1 + z)3(1 + ∆)R3

∆

so thatM andz are the only two numbers to
characterize a cluster (∆ is set by the cosmology...or
by the cosmologist!)
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Velocity dispersion II
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Velocity dispersion II
The “radius” of the cluster folows:
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Velocity dispersion II
The “radius” of the cluster folows:

R∆ = 3

√

3

4πΩmρ0(1 + ∆)

M 1/3

1 + z
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Velocity dispersion II
The “radius” of the cluster folows:

R∆ = 3

√

3

4πΩmρ0(1 + ∆)

M 1/3

1 + z

Assume isothermal distribution:

ρ(r) =
σ2

2πGr

with < v2 >= σ2
x + σ2

y + σ2
z = 3σ2
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Velocity dispersion II
The “radius” of the cluster folows:

R∆ = 3

√

3

4πΩmρ0(1 + ∆)

M 1/3

1 + z

Assume isothermal distribution:

ρ(r) =
σ2

2πGr

with < v2 >= σ2
x + σ2

y + σ2
z = 3σ2 so

σ =

√

GM

r
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Velocity dispersion III
Numerically:

σ = 1130(hM15)
1/3

(

∆Ωm

178

)1/6√
1 + z km/s
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Velocity dispersion III
Numerically:

σ = 1130(hM15)
1/3

(

∆Ωm

178

)1/6√
1 + z km/s

Scaling laws (dependence on mass and redshift).

Cosmology with Clusters of galaxies – EDE2016 –August 2016 – p.5/53



Velocity dispersion IV
Numerically: good agreement with numerical
simulations (Bryan and Norman, 1998):
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Application to the gas tempera-
ture:
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Application to the gas tempera-
ture:

1

2
µmpV

2 =
3

2
kT

which leads to :
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3
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which leads to :

Tx ∝
GM∆

R∆
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Application to the gas tempera-
ture:

1

2
µmpV

2 =
3

2
kT

which leads to :

Tx ∝
GM∆

R∆

so that:

Tx = ATMM
2/3
15 (1 + z)(Ωm∆/178)1/3
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Application to the gas tempera-
ture:

1

2
µmpV

2 =
3

2
kT

which leads to :

Tx ∝
GM∆

R∆

so that:

Tx = ATMM
2/3
15 (1 + z)(Ωm∆/178)1/3

This is the scaling of theM − T relation.
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Temperature scaling law
Numerically: good agreement with numerical
simulations (Bryan and Norman, 1998):
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Scaling of the luminosity
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Scaling of the luminosity
Let do the same for the x-ray luminosity
(Bremstrahlung):
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Scaling of the luminosity
Let do the same for the x-ray luminosity
(Bremstrahlung):

Lx ∝ n2V T 1/2
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Scaling of the luminosity
Let do the same for the x-ray luminosity
(Bremstrahlung):

Lx ∝ n2V T 1/2

leading to :

Lx ∝ M 4/3(1 + z)7/2(Ωm∆/178)1/6
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The mass function
Inspired from Press and Schechter (1974)
The density fieldρ(x) has to be smoothed:

δ̃(x) =

∫

δ(x+ u)WR(u)du

and

δ̃2(x) = σ2(R)
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The mass function
Inspired from Press and Schechter (1974)
The density fieldρ(x) has to be smoothed:

δ̃(x) =

∫

δ(x+ u)WR(u)du

and

δ̃2(x) = σ2(R)

For a top hat window (!):

M(R) =
4π

3
R3ρ
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The mass function
Let’s s(δ) be the probability that a volume element
dV will be included in a NL object with mass greater
thanM given that it is included in a fluctuation of
radius> R with a contrast densityδ.

∫ +∞

M

mn(m)dm = ρ

∫

Fδ(δ)s(δ)dδ
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The mass function
Let’s s(δ) be the probability that a volume element
dV will be included in a NL object with mass greater
thanM given that it is included in a fluctuation of
radius> R with a contrast densityδ.

∫ +∞

M

mn(m)dm = ρ

∫

Fδ(δ)s(δ)dδ

for a sharp threshold i.e.δ > δNL :
∫ +∞

M

mn(m)dm = ρ

∫ +∞

δNL

Fδ(δ)dδ = ρ

∫ +∞

νNL

F(ν)dν
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The mass function
Following the spherical model:

νNL =
δNL

σ(M)

Just derive againstM :

n(M) = − ρ

M2σ(M)
δNL

ln σ

lnM
F(νNL)
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The mass function
Following the spherical model:

νNL =
δNL

σ(M)

Just derive againstM :

n(M) = − ρ

M2σ(M)
δNL

ln σ

lnM
F(νNL)

Press and Schechter used a Gaussian:

F(ν) =

√

2

π
exp(−ν2

2
)
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The mass function
Following the spherical model:

νNL =
δNL

σ(M)

Just derive againstM :

n(M) = − ρ

M2σ(M)
δNL

ln σ

lnM
F(νNL)

Press and Schechter used a Gaussian:

F(ν) =

√

2

π
exp(−ν2

2
)

and test it against numerical simulations...
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But...
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But...

It actually works! (Borgani et al., 2000)
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e-PS formula
ST (Sheth & Tormen, 1999) expression forF (S.O) :

F(ν) =

√

2a

π
A exp(−0.5aν2)(1.+ 1./(aν2)p)

with a = 0.707 A = 0.3222 p = 0.3.
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e-PS formula
ST (Sheth & Tormen, 1999) expression forF (S.O) :

F(ν) =

√

2a

π
A exp(−0.5aν2)(1.+ 1./(aν2)p)

with a = 0.707 A = 0.3222 p = 0.3.

Allows to investigate structure formation.
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More accurate N(m)
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More accurate N(m)

Jenkins et al. (2001)
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More accurate N(m)
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More accurate N(m)

Jenkins et al. (2001)
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More accurate N(m)

Jenkins et al. (2001)
Different fit:

f(M) = α exp
(

−| ln(σ−1) + β|γ
)

set constant threshold (δNL = 1.686) and constant
contrast density.
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More accurate N(m)

Jenkins et al. (2001)
Different fit:

f(M) = α exp
(

−| ln(σ−1) + β|γ
)

set constant threshold (δNL = 1.686) and constant
contrast density.

Universal mass function ?
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More accurate N(m)
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More accurate N(m)

Tinker et al. (2008)
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More accurate N(m)

Tinker et al. (2008)
Different fit...
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More accurate N(m)

Tinker et al. (2008)
Different fit...

Non-universal mass function ?
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Universality again ?
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Universality again ?

Despali et al. (2015)
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Universality again ?

Despali et al. (2015)
Different fit back to ST formula...
a = 0.7689 A = 0.3222 p = 0.3
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Universality again ?

Despali et al. (2015)
Different fit back to ST formula...
a = 0.7689 A = 0.3222 p = 0.3

An other fit on cluster scales...
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Universality again?
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Universality again?

Despali et al. (2015)
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Universality again?

Despali et al. (2015)

Universal mass function 5-7%.
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Conclusions
• There is a convincing modeling of dark matter

distribution and evolution in both linear and
non-linear regimes to constrain cosmological
scenario.
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Conclusions
• There is a convincing modeling of dark matter

distribution and evolution in both linear and
non-linear regimes to constrain cosmological
scenario.

• Allows to investigate structure formation.
History of individual structure is missing:
merging tree→ semi-analytical method “SAM”
in order to model galaxy formation :
assembly/evolution.
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Conclusions
• There is a convincing modeling of dark matter

distribution and evolution in both linear and
non-linear regimes to constrain cosmological
scenario.

• Allows to investigate structure formation.
History of individual structure is missing:
merging tree→ semi-analytical method “SAM”
in order to model galaxy formation :
assembly/evolution.

• Warning: data come through “light” which is
coming from baryons and this was almost not
discussed in these lectures...
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Cluster as cosmological tools
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Cluster as cosmological tools
Important progresses are due to numerical
simulations:
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Numerical simulations
20 years ago...
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Numerical simulations
20 years ago...
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Numerical simulations
2015...
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Numerical simulations
2015...
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Clusters as cosmological tools

Cosmology with Clusters of galaxies – EDE2016 –August 2016 – p.24/53



Clusters as cosmological tools
Clusters Self-similarity from simulations:
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Clusters as cosmological tools
Clusters Self-similarity from simulations:
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Clusters as cosmological tools
Clusters Self-similarity from simulations:

σ(M∗) ∼ 1
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Clusters as cosmological tools

Cosmology with Clusters of galaxies – EDE2016 –August 2016 – p.25/53



Clusters as cosmological tools
Clusters arealmost self similar objects:
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Clusters as cosmological tools
Clusters arealmost self similar objects:
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NFW profiles
From numerical simulations DM halo appear to be
well fitted by the so-calledNFW profile:

ρ(r)

ρc
=

δc
(r/rc)(1.+ r/rc)2

Two parameters: mass in some radius (for instance
∆ = 200) and one parameter:the concentrationc :
rc = r200/c

Cosmology with Clusters of galaxies – EDE2016 –August 2016 – p.26/53



NFW profiles
From numerical simulations DM halo appear to be
well fitted by the so-calledNFW profile:

ρ(r)

ρc
=

δc
(r/rc)(1.+ r/rc)2

Two parameters: mass in some radius (for instance
∆ = 200) and one parameter:the concentrationc :
rc = r200/c

allows analyticalM(r)
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Cluster as cosmological tools
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Cluster as cosmological tools
Recent simulations of Clusters:
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Cluster as cosmological tools
Recent simulations of Clusters:

Millenium simulation: much more detailled pictures...
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Cluster as cosmological tools
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Cluster as cosmological tools
More from millenium simulation:
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Cluster as cosmological tools
More from millenium simulation:
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Cluster as cosmological tools
More from millenium simulation:
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Cluster as cosmological tools
More from millenium simulation:
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Movies
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Movies
here

https://www.youtube.com/watch?v=xfgDoExbu_Q

Cosmology with Clusters of galaxies – EDE2016 –August 2016 – p.29/53

https://www.youtube.com/watch?v=xfgDoExbu_Q


Clusters mass function
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Clusters mass function
Let’s first define clusters...
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Clusters mass function
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Clusters mass function
Let’s first define clusters...
From previous pictures, it is not clear...
By convention, clusters are defined as regions with
contrast density above some threshold:

< ρc >

ρr
> 1 + ∆th
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Clusters mass function
Let’s first define clusters...
From previous pictures, it is not clear...
By convention, clusters are defined as regions with
contrast density above some threshold:

< ρc >

ρr
> 1 + ∆th

Which geometry (spheres, friend-of-friend, ...) ?
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Clusters mass function
Let’s first define clusters...
From previous pictures, it is not clear...
By convention, clusters are defined as regions with
contrast density above some threshold:

< ρc >

ρr
> 1 + ∆th

Which geometry (spheres, friend-of-friend, ...) ?
Which reference density (ρr)? ρu(z), ρc(z)
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Clusters mass function
Let’s first define clusters...
From previous pictures, it is not clear...
By convention, clusters are defined as regions with
contrast density above some threshold:

< ρc >

ρr
> 1 + ∆th

Which geometry (spheres, friend-of-friend, ...) ?
Which reference density (ρr)? ρu(z), ρc(z)

Which reference contrast (∆th)? ∆v, 178, 200, 500,

2000...
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Different halo finders
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Different halo finders

Knebe et al. (2013)
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The spherical model (reminder)
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The spherical model (reminder)

δm =
3(6π)2/3

20
(1+zm) = 1.06(1+zm)when∆m ≃ 4.5

and
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The spherical model (reminder)

δm =
3(6π)2/3

20
(1+zm) = 1.06(1+zm)when∆m ≃ 4.5

and

δm = 22/3
3(6π)2/3

20
(1+zv) = 1.68(1+zv)when∆v ≃ 177.
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The spherical model (reminder)

δm =
3(6π)2/3

20
(1+zm) = 1.06(1+zm)when∆m ≃ 4.5

and

δm = 22/3
3(6π)2/3

20
(1+zv) = 1.68(1+zv)when∆v ≃ 177.

Transition into the non linear regime is extremely
rapid.
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The spherical model (reminder)

δm =
3(6π)2/3

20
(1+zm) = 1.06(1+zm)when∆m ≃ 4.5

and

δm = 22/3
3(6π)2/3

20
(1+zv) = 1.68(1+zv)when∆v ≃ 177.

Transition into the non linear regime is extremely
rapid.
Can be generalized to other models:

δNL(z, C),∆NL(z, C)

Plus profile(M, z, C)...
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Cluster mass function
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Cluster mass function

N(M, z) = − ρ

m2σ(M)
δs

d log σ

d logM
F(

δs
σ(M)

)
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Cluster mass function

N(M, z) = − ρ

m2σ(M)
δs

d log σ

d logM
F(

δs
σ(M)

)

estimation ofσ(M) ↔ P (k) :

σ2(R) =

∫

P (k)Ŵ (kR)d3k

with :

Ŵ (kR) =
3 sin(kR)/kR− cos(kr)

(kR)2
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Cluster mass function evolution
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Cluster mass function evolution
σ(R, z) = D(z)σ(R, 0)
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Cluster mass function evolution
σ(R, z) = D(z)σ(R, 0)

Soσ(M, z)) contains thegrowing rate of
fluctuations.
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From mass to observables
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From mass to observables
Cluster massM is not an observable quantity...
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From mass to observables
Cluster massM is not an observable quantity...
Let’s took the temperature distribution function
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From mass to observables
Cluster massM is not an observable quantity...
Let’s took the temperature distribution function

N(M)dM = N(T )dT
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From mass to observables
Cluster massM is not an observable quantity...
Let’s took the temperature distribution function

N(M)dM = N(T )dT

Needs a flux limited survey...
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From mass to observables
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From mass to observables
Each cluster as a luminositysx, a redshiftz and aTx
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From mass to observables
Each cluster as a luminositysx, a redshiftz and aTx

For each cluster one can compute the volume of
detection of the clusterVi.
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From mass to observables
Each cluster as a luminositysx, a redshiftz and aTx

For each cluster one can compute the volume of
detection of the clusterVi.

N(> T ) =
∑

Ti>T

1

Vi
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From mass to observables
Each cluster as a luminositysx, a redshiftz and aTx

For each cluster one can compute the volume of
detection of the clusterVi.

N(> T ) =
∑

Ti>T

1

Vi

Unbiased estimator...
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From mass to observables

Cosmology with Clusters of galaxies – EDE2016 –August 2016 – p.37/53



From mass to observables
Application to the x-ray temperature:
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From mass to observables
Application to the x-ray temperature:

Tx ∝
GM∆

R∆
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From mass to observables
Application to the x-ray temperature:

Tx ∝
GM∆

R∆

so that:

Tx = ATMM 2/3(1 + z)(Ωm∆/178)1/3
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From mass to observables
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From mass to observables
Fitting N(Tx)
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From mass to observables
Fitting N(Tx)

From 50 X-ray cluters (2000)
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From mass to observables

Cosmology with Clusters of galaxies – EDE2016 –August 2016 – p.39/53



From mass to observables
Fitting N(Tx)
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From mass to observables
Fitting N(Tx)

From 72 X-ray cluters (2015)
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Applications
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Applications
Measuring local matter fluctuations:
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Applications
Measuring local matter fluctuations:

Evrard et al (2002), Pierpaoli et al. (2003), Seljak
(2002), Vauclair et al. (2003), Viana et al. (2003)
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Applications
Measuring local matter fluctuations:

Evrard et al (2002), Pierpaoli et al. (2003), Seljak
(2002), Vauclair et al. (2003), Viana et al. (2003)
Consistency and degeneracy...
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From mass to observables: trou-
bles...
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From mass to observables: trou-
bles...
Back to luminosity scaling law:
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From mass to observables: trou-
bles...
Back to luminosity scaling law:

Lx ∝ M 4/3(1 + z)7/2(Ωm∆/178)1/6

Cosmology with Clusters of galaxies – EDE2016 –August 2016 – p.41/53



From mass to observables: trou-
bles...
Back to luminosity scaling law:

Lx ∝ M 4/3(1 + z)7/2(Ωm∆/178)1/6

leads toLx ∝ T 2

Cosmology with Clusters of galaxies – EDE2016 –August 2016 – p.41/53



From mass to observables: trou-
bles...
Back to luminosity scaling law:

Lx ∝ M 4/3(1 + z)7/2(Ωm∆/178)1/6

leads toLx ∝ T 2 While observations indicate to
Lx ∝ T 3!

Cosmology with Clusters of galaxies – EDE2016 –August 2016 – p.41/53



From mass to observables: trou-
bles...
Back to luminosity scaling law:

Lx ∝ M 4/3(1 + z)7/2(Ωm∆/178)1/6

leads toLx ∝ T 2 While observations indicate to
Lx ∝ T 3!

Gas in clusters needs extra heating and scaling law is

not expected to hold forLx (not with M and thereby

not with z).
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From mass to observables: trou-
bles...
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Not so much troubles?
Scaling of the gas content:

So clusters may be self-similar after all...
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Sunyaev-Zeldovich
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Sunyaev-Zeldovich

Y = KMgTgD
−2
a(1)
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Y = KMgTgD
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a(1)

Independent of the gas geometry, clumping, ...
Better mass proxy (Barbosa al., 1997)
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Sunyaev-Zeldovich

(Kravtsov, Vikhlinin, Nagai 2006)
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Sunyaev-Zeldovich

(Kravtsov, Vikhlinin, Nagai 2006)

Cosmology with Clusters of galaxies – EDE2016 –August 2016 – p.45/53



Sunyaev-Zeldovich

(Kravtsov, Vikhlinin, Nagai 2006)
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Sunyaev-Zeldovich

Y = KMgTgD
−2
a(2)

Independent of the gas geometry, clumping, ...
Better mass proxy (Barbosa al., 1997)
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Sunyaev-Zeldovich

Y = KMgTgD
−2
a(2)

Independent of the gas geometry, clumping, ...
Better mass proxy (Barbosa al., 1997)
Leading to the scaling law

Y = κξATMfBM
5/3h8/3

(

ΩM
∆(z,ΩM)

178

)1/3

(1+z)D−2

whereκ = 1.816.10−4 andξ accounts for the differ-

ence betweenTx andTg.
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Sunyaev Zeldovich
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Sunyaev Zeldovich
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Planck cluster-CMB tension
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Planck cluster-CMB tension
The analysis of Planck CMB data provides high
precision constraints on (most) cosmological
parameters.
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Planck cluster-CMB tension
Take the hydrostatic mass estimates forM − T
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Planck cluster-CMB tension
Take the hydrostatic mass estimates forM − T

Add an offset to the mass :MHE = (1− b)Mtrue

with 1− b = 0.8
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Planck cluster-CMB tension
Take the hydrostatic mass estimates forM − T

Add an offset to the mass :MHE = (1− b)Mtrue

with 1− b = 0.8

Compute the number of clusters expected in the

ΛCDM model with the Planck selection function.
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Planck SZ counts
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Planck SZ counts
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Planck CMB-cluster tension
3 possible solutions...
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Planck CMB-cluster tension
3 possible solutions...

The CMB produced biased results...
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Planck CMB-cluster tension
3 possible solutions...

The CMB produced biased results...

Clusters are not selected exactly as expected
(selection function issue).
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Planck CMB-cluster tension
3 possible solutions...

The CMB produced biased results...

Clusters are not selected exactly as expected
(selection function issue).

This is the indication of new physics...
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